A one-dimensional model for steady state plasmas bounded either between large parallel walls, or by a cylinder or a sphere, valid in a wide range of gas pressures, is considered. The model includes nonzero ion temperature, inertial terms in the ion momentum equations, and allows one to calculate the plasma electron temperature and ion current density reaching the wall, as well as the spatial distributions of the ion fluid velocity, plasma density, and plasma potential in the plasma bulk. In addition, the effect of electron inertia is analyzed. The model includes as particular cases several earlier models that were based on a similar set of differential equations, but that are restricted to a specific pressure regime (low, intermediate, or high). Analytical solution is found in planar geometry, and numerical solution is given in cylindrical and spherical geometry. The results obtained are compared with those of earlier models and the differences are analyzed. V C 2013 American Institute of Physics. [http://dx
I. INTRODUCTION
Non magnetized low-ionized plasma, bounded either between parallel walls with sides larger than the distance between them, or inside a cylinder whose length is much larger than its radius, or inside a sphere, can be described in the fluid approximation by the self-consistent solution with appropriate boundary conditions of the steady state 1D-continuity and momentum equations for plasma ions and electrons along with the Poisson equation. If only the plasma bulk is to be considered, then quasi-neutrality can be assumed and the Poisson equation can be omitted.
1 If inertial terms are not neglected in the ion momentum equation, then a plasma-sheath boundary can be defined.
2,3
Several solutions, both analytical and numerical, of the 1D-fluid equations describing bounded plasmas have been obtained, assuming either zero ion temperature (cold ions approximation) 4, 5 or constant nonzero ion temperature. 3, 6 The solutions for the distribution of the plasma parameters have been found separately in the low, intermediate, and large pressure regimes, 3, 5, 7 and heuristic arguments, 5, [8] [9] [10] or combined models of ion neutral collision frequency 6, 8, 9, 11 have been used to join these solutions. Models that analyze the depletion of neutral atoms 2,12,13 have also been developed based on the same fluid equations. The plasma electron temperature is commonly determined from an eigenvalue equation obtained from the balance between ion generation and ion losses but usually neglecting the ion inertia.
In the present paper, the problem of bounded plasmas is solved for planar, cylindrical, and spherical geometries assuming plasma quasi-neutrality. The effect of constant nonzero ion temperature on the plasma parameters is analyzed, and the electron temperature T e is determined taking into account the ion inertia. The obtained solution is valid in a broad range of the pressures commonly used in gas discharges. Additionally, an approximated analytical solution is found in the case of planar geometry. It is shown that the plasma density at the plasma-sheath boundary is lower than that predicted by the variable mobility model 5 in which the ion inertia is neglected. Comparison with the most updated model by Curreli and Chen 2 is made, and it is shown that a nonzero ion temperature can change considerably the plasma density and potential distributions while retaining the same form of these distributions. The influence of the electron inertia and electron-neutral collisions on the plasma parameters behavior is also analyzed.
II. OVERVIEW OF EARLIER 1D-PLASMA MODELS
In 1928, Tonks and Langmuir 4 presented a onedimensional (1D) model for the potential and density distributions of steady state plasmas in contact with an absorbing wall. In this model, a so-called complete plasma-sheath equation was derived and solved numerically for planar, cylindrical, and spherical geometries. The ion generation rate _ n was considered either proportional to the plasma electron density or uniform throughout the plasma. 4, 14 The model was solved in the low (free fall theory), intermediate, and large gas pressures regimes, and quasi-neutrality was not assumed. The pressure regime is determined by the ratio L=k i , where L is the characteristic plasma size and k i is the ion mean free path for collision with neutrals. The intermediate pressure regime corresponds to L=k i $ 1, while the low and high pressure regimes correspond to L=k i ( 1 and L=k i ) 1, respectively. In the high pressure regime, it was shown that the solution of the model coincides with the solution of the Schottky ambipolar diffusion model. 7 The Tonks-Langmuir model allows one to distinguish between two different regions, namely, a quasi-neutral region, which is called the plasma bulk, and the sheath region which is positively charged. The boundary between these regions was defined as the location at which the plasma potential and density, while remaining finite, have infinite gradients. The solutions were found using the Poisson and momentum equations and assuming cold ions (T i ¼ 0). The plasma electrons were supposed to have a Boltzmann distribution in space, which is equivalent to neglect inertial and collision terms in the electron momentum equation. In the low pressure regime, the collision term Mn i in u i and the linear inertial term M _ nu i in the ion momentum equation (see Eq. (2) in Sec. III) were neglected, while the nonlinear inertial term Mn i u i du i =dx was retained. Here M; n i ; u i , and in are the ion mass, ion density, ion fluid velocity, and ion-neutral collision frequency, respectively. In the high pressure regime, both inertial terms were neglected and the collision terms were retained in the ion momentum equation. Thus, this model does not allow one to obtain a general solution that can be applied in both pressure regimes.
In 1966, Self and Ewald 3 presented a model to describe the plasma density and potential distributions in the entire range of pressures. Also this model is based on solutions of the momentum and continuity equations for electrons and ions, and quasi-neutrality is assumed. In the electron momentum equation, the nonlinear inertial term m e n e u e du e =dx was neglected, but the total momentum equation for ions was considered (viscous effects were also neglected, as was in the Tonks-Langmuir model). Here, m e ; n e ; and u e are the electron mass, density, and fluid velocity, respectively. The model has an analytical solution in the case of planar geometry. In the high pressure regime, the results of this model are similar to those predicted by the Schottky model, 7 and at low pressure, they differ only slightly from those of the free fall model of Tonks and Langmuir. 4 It should be noted that this model considers a constant ion-neutral collision frequency at all pressures, which in fact cannot be a correct assumption. 3, 5, 9 In 1986, Godyak reported in Ref. 5 a plasma model that considers the ion-neutral collision frequency to be proportional to the ion fluid velocity (variable mobility model) instead of to the ion thermal velocity. In this model, the plasma electrons are assumed to have a Boltzmann distribution, the ions are assumed to be cold, and both inertial terms are neglected in the plasma ion momentum equation. In the case of planar geometry, this model has an analytical solution that is valid at intermediate pressures. By using heuristic arguments, solutions for the plasma density distribution were obtained separately for the cases of low and high pressure regimes. In 1995, Lee and Lieberman 9, 10 found an expression for the plasma density distribution in their research of high-density plasma discharges that is similar to that found by Godyak. 5 In 1953, Wannier 15 introduced a model for the ionneutral collision frequency, which he proposed as appropriate to describe the ion-neutral interaction at intermediate pressures. This model was used by Sternovsky and Robertson in Ref. 6 to describe the decrease in ion current density toward the wall caused by the plasma collisionality. In Ref. 6 , the change in the ion-neutral collisionality experienced by the plasma ions propagating through the plasma toward the wall was taken into account. This model considered a finite temperature for the plasma ions, but with the restriction T i =T e s 0:1 because the ion pressure gradient term in the ion momentum equation was neglected.
In 2007, Chabert et al., 11 in a study on expanding electronegative plasma, introduced a model for the ion-neutral collision frequency at intermediate pressures, which is essentially the same as that proposed by Wannier. The specific form of the expression for the ion-neutral collision frequency used by Sternovksky and Robertson 6 differs from that used by Chabert et al.
11 by a factor of ffiffi ffi 2 p in the ion thermal velocity.
In 2011, Curreli and Chen have developed a model 2 for a plasma discharge with cylindrical symmetry, which accounts for ion inertia, neutral depletion, and local power deposition. In Ref. 2, the model is solved first by considering radially constant neutral density and electron temperature (neglecting the diffusive term k B T i rn in the ion momentum equation), which leads to a "universal" profile of ion velocity, plasma density, and plasma potential in the sense that distributions of the plasma parameters do not depend neither on the cylinder radius nor on the neutral density nor on the ionization degree at the cylinder axis.
III. DESCRIPTION OF THE MODEL
The present model considers 1D steady state plasmas bounded by either parallel plates whose sides are larger than the distance between them, or a cylinder with a length much larger than the radius, or a sphere, in such a way that the only relevant dynamic of the plasma particles is in the direction perpendicular to the walls. The distance between the plates or the diameter of the cylinder and the sphere is 2L, and the origin of the system of coordinates is at the middle distance between the plates, at the cylinder axis, or at the sphere center, respectively.
It will be supposed that the neutral atoms are ionized in a single event by electron impact, and that the ion generation rate is given by _ n ¼ iz n e , where iz ¼ n 0 hr iz u e;th i is the ionization frequency. Here, n 0 is the neutral density, r iz ðu 2 e;th Þ is the ionization cross section of neutrals by electron impact which depends on the kinetic energy of the electron, u e;th is the thermal velocity of the plasma electrons, which are supposed to have a distribution function g T e ðu 2 e;th Þ at electron temperature T e , and the brackets signify averaging over the distribution: hr iz u e;th i ¼ Ð 1 0 r iz ðu 2 Þug T e ðu 2 Þdu. It is also supposed that the plasma ions are at the same temperature, T i ¼ T 0 ¼ const, as the neutral gas background.
The equations are solved for the plasma bulk where the condition of quasi-neutrality n e ¼ n i n can be assumed. The momentum and continuity equations for the plasma electrons and ions are m e n iz u e þ nu e du e dx ¼ ÀenE À k B T e dn dx À m e n½ ei ðu e À u i Þ þ en ðu e À u n Þ;
(1)
Here, u n is the neutral fluid velocity; E ¼ Àdu=dx is the electric field, and u is the plasma potential; e and k B are the electron charge and Boltzmann constant respectively; en ; ei ; and in are the elastic collision frequencies for electron-neutral, electron-ion, and ion-neutral momentum transfer, respectively; and b ¼ 0; 1; 2 is the coefficient for planar, cylindrical, and spherical geometry, respectively. The fluid velocity of neutrals is assumed to be negligible, u n % 0, which is a reasonable assumption for low-ionized plasmas. In addition, one can show that Eq. (3) implies u e ¼ u i , and therefore elastic electron-ion collisions ei do not affect the ion drift. The ion-neutral collision frequency to be considered is given by
Here, u i;th hu i;th i ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 8k B T i =ðpMÞ p is the average ion thermal velocity, and k i % ðn 0 r in Þ À1 is the ion mean free path, where r in is the cross section for ion-neutral interaction. At low ion energies, the cross section for ion-neutral charge exchange (cex) r cex is approximately constant and larger than that for ion-neutral momentum transfer, and therefore one can use in that case r in % r cex . The expression given in Eq. (4) for in was suggested in Ref. 15 to describe appropriately the ion-neutral collisionality in the regime of intermediate pressure; it reduces to the correct limits in the low and large pressure regimes. In the low pressure regime, the appropriate limit is given by the so-called variable mobility model 5 in which T i ¼ 0 is supposed, and the ion-neutral collision frequency in ¼ pu i =ð2k i Þ is proportional to the ion fluid velocity. In the high pressure regime, the appropriate limit is given by the diffusion model, 7 which considers T i ¼ T 0 , i.e., the plasma ions are in thermal equilibrium with the neutral gas background, and u i ( u i;th ; in that case, the ion-neutral collision frequency 6 in ¼ ffiffi ffi 2 p u i;th =k i is proportional to the relative velocity between ions and neutral atoms.
Using the Bohm velocity u B ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi k B ðT e þ T i Þ=M p , the normalized ion fluid velocity u ¼ u i =u B , and the ratios s T i =T e , h ð64=p 3 Þs=ð1 þ sÞ ffi 2s=ð1 þ sÞ, one can rewrite Eq. (4) as
Because iz ( en , the linear inertial term m e n iz u e in Eq. (1) is negligible when compared with the collision term m e n en u e , and this, along with the relations m e ( M and en ( in , allows one to write Eqs.
(1)-(3) in the form (8); therefore elastic electron-neutral collisions affect only the plasma potential.
The parameters c and d depend on the type of gas and on the electron temperature, which in turn is related to the gas pressure p and the geometry of the problem under consideration. By defining hri hru th i= u th , one can see that c / ffiffiffiffiffiffiffiffiffiffiffiffi m e =M p ðr in =hr iz iÞ % ffiffiffiffiffiffiffiffiffiffiffiffi m e =M p ðr cex =hr iz iÞ and d ¼ ðm e =MÞhr en i=hr iz i. The cross section for ionization of neutral atoms hr iz i decreases steeply with decreasing electron temperature; therefore, the parameters c and d tend to be very large at low electron temperature, or equivalently at high pressures (because the value of T e decreases with increasing pressure). Additionally, one can see that d=c $ ffiffiffiffiffiffiffiffiffiffiffiffi m e =M p hr en i=r cex , implying d=c ( 1. In the high pressure regime, d ( c because ion-neutral charge exchange collisions are more frequent than elastic electron-neutral collisions. In the low pressure regime, d ( c because the electron temperature is high and this reduces the electronneutral cross section.
One can see that Eq. (6) is a differential equation for the ion fluid velocity decoupled from any other variable plasma parameter. Analysis of Eq. (6) shows that when u ! 1, i.e., when the ion fluid velocity approaches the Bohm velocity, the derivative du=ds diverges to infinite, which is not a physical result. It defines the plasma boundary, i.e., as the plasma boundary is approached, the assumption of the model regarding plasma quasi-neutrality is not fulfilled. 3 
IV. DETERMINATION OF PLASMA PARAMETERS
The plasma boundary is located at x b < L. Assuming the plasma sheath is thin, one can use the approximation x b % L to estimate s b % L iz =u B and L=k i % 2cs b =p. The value of s b is obtained by solving Eq. (6) for 0 u 1. This allows one to find the dependence of c on L=k i . In Fig. 1 , this dependence is shown for the case of parallel plates (b ¼ 0). Qualitatively similar behavior is found in the case of cylindrical (b ¼ 1) and spherical (b ¼ 2) configurations.
The dependence shown in Fig. 1 for the planar case, and the similar ones for the cylindrical and spherical cases, allow a given value of the parameter c to be identified with a pressure regime. The plasma parameters are determined for known values of s ¼ T i =T e , plasma size L, and neutral pressure p 0 , as follows. The relation s b % L iz =u B can be rewritten in the form
The electron temperature is estimated by using Eqs. (6) and (9) along with c ¼ pr in ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi k B T e ð1 þ sÞ=M p =ð2hr iz u e;th iÞ. Then, it is possible to calculate the parameters T i ¼ sT e , and (6)- (8) and is shown in Fig. 2 for the planar case.
In Fig. 2 , one can see that in the high pressure regime (L=k i ) 1), the ion fluid velocity increases slowly from the center of the plasma, and the ion fluid experiences strong acceleration only very near to the sheath boundary in order to reach the Bohm velocity. The slow increase in the ion fluid velocity in the plasma bulk occurs due to the large ionneutral collision frequency and low potential drop. Close to the sheath boundary, the potential falls more steeply, causing ion acceleration, which in turns leads to a decrease in the plasma density. In the low pressure regime (L=k i ( 1), the ion-neutral collision frequency is low. Thus, a smaller potential difference is required in order to accelerate the ions to the Bohm velocity at the sheath boundary.
The influence of the non-zero ion temperature on the plasma parameters is shown in Fig. 3 . One can see that the ion fluid velocity distribution remains almost unchanged for 0 s 0:5, while the distributions of the plasma potential and density change significantly, namely, these distributions change more steeply with the increase in s. One can explain this result as the necessity of a stronger electric field at T i > 0 in order to give to the ions a directed fluid velocity toward the wall.
In the cases of cylindrical and spherical geometry, the behavior of the normalized ion fluid velocity, plasma density, and plasma potential is qualitatively similar to that exhibited in the planar case shown in Figs. 2 and 3 .
V. PLASMA PARAMETERS AT THE PLASMA-SHEATH BOUNDARY
The ion fluid velocity at the plasma-sheath boundary is the Bohm velocity u i ¼ u B , which is equivalent to the normalized ion fluid velocity u b ¼ 1 at the plasma sheath boundary. The location of the (normalized) plasma-sheath boundary s b and the boundary values of the plasma density h b and potential v b depend on the pressure regime and on the geometry as is shown in Fig. 4 .
In Fig. 4(c) , (6)- (8)). The ion current density at the sheath boundary is determined as Fig. 4(b) represents the normalized ion current density entering the sheath region. This current density is strongly reduced at high pressures (L=k i ) 1) due to the increase in plasma collisionality. A similar result was obtained by Sternovsky and Robertson (see Ref. 6 Fig. 1 ) for the case of homogeneous ( _ n ¼ Const) ionization in the plasma bulk.
The effect of a finite ion temperature on the plasma parameters at the plasma-sheath boundary is shown in Fig. 5 . One can see that at a fixed ion mean free path (L=k i ¼ const), the plasma density h b decreases and the absolute value of the plasma potential jv b j increases with increasing ion temperature, and that this effect is more pronounced in the intermediate and high pressure regimes (L=k i > 1). Similar results were obtained by Sternovsky and Robertson (see Ref. 6 , Figs. 2 and 3 ).
VI. ANALYSIS OF THE PLASMA POTENTIAL EQUATION
The normalized plasma potential is given by the solution of Eq. (8) with a reference potential at the origin of coordinates vð0Þ ¼ 0. This solution can be written in the form
The third term in the right hand side of Eq. (10) 
VII. COMPARISON WITH THE VARIABLE MOBILITY MODEL
In the case of parallel plates, one has b ¼ 0, and Eqs. (6) and (7) can be combined to obtain
The solution of Eq. (11) with initial condition hð0Þ ¼ 1 can be written in the form
In Eq. (12), the parameter a > 0 is a constant to be determined later. By substituting Eq. (12) in Eq. (11), one obtains
The parameter a can be selected in such a way that f ðuÞ > 0 for all possible values of the parameters c ¼ pu B =ð2k i iz Þ and h ¼ 2T i =ðT e þ T i Þ, and one sees in Eq. (13) that this is achieved when 0 < a 1=3. The selection of a ¼ 1=3 leads to
The plasma density at the plasma sheath boundary h b hð1Þ is, therefore, given by
In Fig. 6 , the dependence of the factor e Àf ð1Þ on the pressure regimes and on the ion temperature is shown.
The variable mobility model 5 in which cold ions is assumed (T i ¼ 0 ) h ¼ 0) and the ion inertia is neglected leads to
Because 0 < e Àf ð1Þ < 1 according to Fig. 6 , one obtains that at the plasma-sheath boundary, the plasma density given by Eq. (15) is lower than that predicted by the variable mobility model that is given by Eq. (16) . Thus, one concludes that the combined effect of nonzero ion temperature and ion inertia causes a decrease in the plasma density at the plasma sheath boundary. In addition, one sees in Fig. 6 that at intermediate and high pressures (L=k i > 1), the assumption T i ¼ 0 is not justified even for s < 0:1.
VIII. COMPARISON WITH THE CURRELI AND CHEN'S MODEL
Curreli and Chen's recent model 2 considers plasma immersed in an external magnetic field and confined by a cylinder having a length much larger than its radius; the plasma parameters depend on the radius. This model takes into account several physical effects, including local ionization, short circuit effect, neutral depletion, and radio frequency heating. In the present paper, we consider a simpler model of the plasma without a magnetic field and with radial variation only in the plasma density, potential, and ion drift velocity, while the plasma electron temperature and neutral gas density are assumed to be constant values. The present model is focused on three main issues: (a) the appropriate limits of ion dynamics at low pressure (R=k i 
This equation differs from Eq. (6) in the expression for the ion-neutral collision frequency in . Let us note that if one considers k ¼ Const, then k À1 will be equivalent to the parameter A used by Self and Ewald in Ref. 3 . In this particular case, Eqs. (20) and (25) In the present paper, the parameter k depends implicitly on the radius through the dependence of the ion-neutral collision frequency in on the ion drift velocity, while in Ref. 2, the dependence of k on the radius is stronger, because the ionization frequency iz is calculated using local conditions. In Ref. 2, the ion-neutral collision frequency is given by in ðrÞ ¼ n n r cex ðE i Þu i ðrÞ, where the ion energy is E i ¼ 0:5Mu 2 i ðrÞ (plus a contribution of the ion thermal energy near the axis), and the charge exchange cross section dependence on ion energy is given by a fitting of experimental data (for Ar gas). In the present work, Wannier's expression is used to calculate the ion-neutral collision frequency. In this expression, the ion thermal energy is taken into account not in the charge-exchange cross section but in the ion velocity [see Eq. (4)]. Let us note that, in the case of cylindrical geometry, near the axis one expects in / T 1=2 i , while near the plasma boundary one expects in / u i . By using Wannier's expression [Eq. (4)] for ion-neutral collisions, the broad range of pressure, i.e., lowÀintermediateÀhigh pressure regimes, as well as the change in ion-neutral collisionality experienced by the ions while traveling toward the wall, are matched in an explicit and consistent manner. Applying Eq. (4), it is found that the normalized ion velocity u ¼ u i =u B , plasma density h ¼ nðrÞ=nð0Þ, and plasma potential v ¼ eu=ðk B T e Þ, have an "universal behavior" similar to those obtained in Ref. 2. Namely, the distributions of these plasma parameters (with respect to the normalized coordinate s=s b ¼ r=R) are independent of the radiusR of the cylinder, the plasma density at the axis nðr ¼ 0Þ ¼ nð0Þ, and the neutral density n 0 . In addition to the model, 2 the results of the present model showed that this "universal behavior" of the plasma parameters does depend on the parameter R=k i Rn 0 r cex (see Figs. 4(a) , 2(a), and 2(c)) and on the ratio s ¼ T i =T e (see Figs. 3(a)-7) . Also, a unified treatment of parallel plates, cylindrical, and spherical geometry are given in the present model, while in Ref. 2, only the cylindrical case was considered.
In the model, 2 the diffusion term k B T i rn was neglected assuming that, in almost all of the applications, one finds that T i =T e s ( 1. However, the results of the present model [see Fig. (7) ] showed the different distributions of the plasma density obtained either by assuming
Thus, considering T i > 0 produces a non-negligible effect on the plasma density distribution, even for T i ( T e . In addition, the plasma within Orificed Hollow Cathodes used in ion thrusters (see Sec. XI) is characterized by significant temperature of ions and neutrals, which can be of the order of several thousand Kelvin degrees [Ref. 16, p. 258, 466] leading to T i =T e s ! 0:1. One also can see in Fig. 11 in Sec. XI that the electron temperature is sensitive to T i 6 ¼ 0, especially at low pressures.
IX. COMPARISON WITH EARLIER MODELS
Several models were based on the same set of differential equations; they differ in the assumptions regarding plasma collisionality, ion temperature, and the additional considerations made in order to simplify the equations. In Table I , the plasma density distribution predicted by several models are compared.
Here, the coefficient D a % k B ðT i þ T e Þ=ðM in Þ is the ambipolar diffusion coefficient. The variable mobility model was analyzed in Sec. VII and the Curreli and Chen model 2 was briefly described in Sec. VIII. The "cold ion" model described in Ref. 14 is a collisionless ("free fall") model and is valid in the low pressure regimes (L=k i ( 1). This can be obtained from the solution given in the last line in Table I , because at low pressures c ! 0 (see Fig. 1 6 has no analytical solution for plasma density distribution and it was not included in Table I , but the results of their model are similar to those found in Sec. V in the present paper. The ambipolar diffusion model, 7 which is valid in the large pressure regime (L=k i ) 1), is the only model that gives an explicit dependence of the plasma density on the spatial coordinate, while all the other models depend on the ion fluid velocity, which in turn is related to the spatial coordinate in a nonlinear implicit manner.
One can also compare the values of h b given by Eq. (15) with those given by the following heuristic expression for the plasma density in the planar case:
The results are compared in Fig. 8 . One can see that there is relatively good agreement between the two models. The case of cylindrical geometry was shown in Fig. 4 (a) and can be compared with the solution shown in Fig. 3 in Ref. 3 . It has to be noted that the parameters c and s b in the present study correspond, respectively, to the parameters A and A Á s b in Ref.
3, but c ) 1 is equivalent to A ! 0, while c ! 0 is equivalent to A ! 1. These differences appear because of the assumed constant ion-neutral collision frequency considered in Ref. 3 , which results in different normalizations for the plasma sheath boundary location s b . This comparison showed that the qualitative behavior of s b at low pressure is different, i.e., tending to be constant, in the present model, whereas in Ref. 3 , the normalized sheath boundary position always increases with decreasing gas pressure. This observation, along with the expression for s b given in Eq. (9) in the present paper, implies that, at low pressures, the electron temperature in the present model is more sensitive to changes in the gas pressure than as presented in Ref. 3 . 
There are no analytical solutions for Eqs. (6) and (11) because of the square root terms. However, an approximated analytical solution can be found if the square root terms are temporarily substituted by an appropriate polynomial expression. It was found that this solution includes the polynomial expression, thus allowing substitution back to the original square root. It can be seen that the ion-neutral collision frequency Eq. (5) always appears in Eqs. (6) and (11) 
The function g N ðu; hÞ is related to the energy losses of the ion flow. Thus, the integral of the functiong N ðu; hÞ within the interval 0 u 1 should give the same result as the integral of the function g N ðu; hÞ in the same interval
Equations (19) and (20) are sufficient to determine the fitting coefficients, the result of which is
In Fig. 9 , the normalized ion fluid velocity and plasma density obtained from Eqs. (25) and (26) are compared with the numerical solution of Eqs. (6) and (11), respectively. For s ¼ 0 (T i ¼ 0), both solutions coincide (see Figs. 9(a) and 9(b)) because in that case exact analytic solution of Eqs. (6) and (11) exist. For s 6 ¼ 0, the analytical solution for sðuÞ, Eq. (25), is a good approximation (see Fig. 9(c) ), while the analytical solution for h, Eq. (26), exhibits slightly larger values than the numerical solution (see Fig. 8(d) ).
XI. APPLICATIONS TO HOLLOW CATHODES
Hollow cathodes are known to be one of the best high current plasma sources and are one of the critical components of most electrostatic and Hall ion thrusters used in space applications where these cathodes provide electrons to neutralize the ion beam and/or to ionize the propellant. Hollow cathodes for space applications usually consist of a metal tube impregnated in its interior with a low work function material (thermo-emitter) and capped at one side by a plate with a small orifice, as shown in Fig. 10 . The propellant (usually xenon gas) fed to the cathode is ionized in the so-called insert region by electrons emitted by the thermoemitter. These electrons gain the necessary energy from the potential drop sustained between the anode (in this case, the anode is a keeper biased positively with respect to the insert) and the thermo-emitter. The plasma generated by the ionization of the neutral gas expands from the insert region through a small orifice designed to prevent the thermo-emitter from severe ion bombardment back streaming from the outer plasma. The inner diameter of the insert region is commonly small (several millimeters), and the gas flows so slowly that the ion dynamics is mainly in the radial direction.
The present model will be applied to the NEXIS Hollow Cathode 16 used in space applications, which has inner radius R ¼ 0:635 cm and operates with xenon gas. The mass of the Xe atom is M ¼ 2:18 Â 10 À25 kg, and it has ionization energy U iz ¼ 13:1 eV. According to Goebel and Katz, 16 the following approximation for the ionization frequency is valid for T e 5 eV:
iz % n 0 hr iz i ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 8eT e =ðpm e Þ p ;
hr iz i % 10 À20 ½3:97 þ 0:643T e À 0:0368T 2 e e ÀU iz =T e : (36)
Here, the units of T e is electron volts, and that of r iz is square meters. The ion-neutral collisions are dominated by charge exchange processes, and therefore the cross section is r in % r cex % 10 À18 m 2 (Refs. 16 and 17) and the ion mean free path is k i ¼ ðn 0 r cex Þ À1 . One can thus write c % 2 Â 10 À3 ð1 þ sÞ 1=2 r cex =hr iz i:
Equations (35)-(37) are used along with Eqs. (6), (7), and (9) to obtain the dependence of the electron temperature on the gas pressure, as shown in Fig. 11 . The ratio R=k i , which determines the pressure regime, is related to the neutral pressure as shown in Fig. 12 . Because of the log-log scale, one can infer that there is a relation of the form P 0 % aðR=k i Þ b , where a is dependent on s, and b is a positive constant.
As discussed in Sec. V, the value of h b ¼ J i;b = enð0Þu B ð Þ represents the normalized ion current density flowing out of the plasma toward the inner wall of the insert. Fig. 13 shows that in the range 1 < R=k i < 100, the ion current density toward the wall strongly depends on the ion temperature, while for R=k i < 0:2, it is approximately independent of it. In addition, one sees in Fig. (13) that the ion current density toward the wall is strongly reduced with increasing plasma collisionality.
XII. CONCLUSIONS
The proposed plasma model describes in a unified manner the behavior of plasma's parameters in the low, intermediate, and high pressure regimes. It was found that the electron inertia has no appreciable effect on the dynamics of the plasma particles, while the combined effect of ion inertia and nonzero ion temperature results in reducing the plasma density, increasing the plasma potential, and reducing the ion current density entering the sheath region. It was also found that the ion temperature cannot be neglected even when s T i =T e < 0:1.
